The configuration-controlled regime and the diffusion-controlled regime of conformation-modulated fluorescence emission are systematically studied for Markovian and non-Markovian dynamics of the reaction coordinate. A path integral simulation is used to model fluorescence quenching processes on a semiflexible chain. First-order inhomogeneous cumulant expansion in the configuration-controlled regime defines a lower bound for the survival probability, while the Wilemski-Fixman approximation in the diffusion-controlled regime defines an upper bound. Inclusion of the experimental time window of the fluorescence measurement adds another dimension to the two kinetic regimes and provides a unified perspective for theoretical analysis and experimental investigation. We derive a rigorous generalization of the Wilemski-Fixman approximation ͓G. Wilemski and M. Fixman, J. Chem. Phys. 60, 866 ͑1974͔͒ and recover the 1/D expansion of the average lifetime derived by Weiss ͓G. H. Weiss, J. Chem. Phys. 80, 2880 ͑1984͔͒.
I. INTRODUCTION
Reaction kinetics modulated by fluctuating environments has long been a theoretical and experimental interest. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] Examples of such processes include ligand binding in proteins, slow reactions in glasses, fluorescence resonance energy transfer ͑FRET͒, and intramolecular fluorescence quenching on polymers. Recent advances in single-molecule techniques based on fluorescence spectroscopy provide powerful tools to measure the conformational structures and dynamics of synthetic and biological polymers. The FRET and intramolecular fluorescence quenching rates depend strongly on donor-acceptor or fluorophore-quencher distance, and on conformational fluctuations of polymers or biomolecules. Hence it is of great importance to study the conformationmodulated reactions, yet a unified perspective of reaction kinetics modulated by fluctuating environments have not been fully investigated. A widely used approximation scheme to calculate intrachain reactions of polymers in dilute solutions was first presented by Wilemski and Fixman, 1,2 referred here as WF approximation. Szabo, Schulten, and Schulten provided a first passage time approach to the diffusion equation with Smoluchowski boundary conditions, referred to here as the SSS theory. 3 Weiss developed a systematic perturbation analysis for diffusion-controlled reactions, which recovers the WF approximation in the lowest order. 5 Recently, Portman and Wolynes applied a variational method and proved that the WF approximation is an upper bound for the survival probability. 9 The experimentally observed fluorescence lifetime distribution is the result of the competition between the reaction from a distribution of conformations and the diffusion between different conformational states. In the homogeneous limit, reaction is extremely slow compared to relaxation, and the system can be well approximated by equilibrium, yielding a homogeneous single-exponential decay. In the inhomogeneous limit, the survival probability is a static average over the initial configurations and has a highly nonexponential decay. Between the two limits, the relaxation process and the reaction kinetics are convoluted. The configurationcontrolled regime is dominated by the reaction kinetics, and the diffusion-controlled regime is determined by the conformational relaxation process. Although complete analytic solutions are difficult, the first-order inhomogeneous cumulant expansion and the WF approximation provide exact lower and upper bounds to the real survival probability function, respectively. In the present work, we investigate these regimes for Markovian and non-Markovian fluctuations of reaction coordinates modulated by conformational fluctuations and account for the experimental time window used to monitor fluorescence. To address these two regimes and their asymptotic limits, we study a Markovian process in Sec. II and a semiflexible chain as an example of non-Markovian processes in Sec. III.
Reactions in biopolymers are often strongly coupled to internal relaxation processes, and the fluctuations of the reaction coordinate are generally non-Markovian. Reaction dynamics of biopolymers in solution can be directly probed in real time by fluorescence spectroscopy. [10] [11] [12] [13] [14] [15] [16] [17] One important technique is intramolecular fluorescence quenching, which has been employed to measure contact formation between two residues on an unfolded polypeptide chain by Eaton's group and other groups. 18 -20 By varying solvent viscosity, Eaton and his group measure the full kinetics from the inhomogeneous limit to the homogeneous limit. In Sec. III, we calculate the full kinetics of the fluorescence quenching in a semiflexible Gaussian chain with a normal mode decomposition scheme. 21 Our calculations demonstrate that the firsta͒ Author to whom correspondence should be addressed. Electronic mail: jianshu@mit.edu order inhomogeneous cumulant expansion and the WF approximation provide lower and upper bounds for the real survival probability, respectively. In Sec. IV, we discuss the effects of the experimental time scale on fluorescence lifetime measurements and the unified perspective it provides. The experimental time scale here refers to the time window to monitor fluorescence. Within a very short time window, transient configurations stay close to the static configurations, independent of the relaxation rate. Such experiments can be well described within the configuration-controlled regime. For long experimental time, the configuration-controlled picture breaks down even for the slow relaxing regions. The long time kinetics is dominated by the relaxation process and is described by the diffusion-controlled regime. By varying the length of the observation time, we can observe both kinetic regimes.
In Appendix A, we generalize the WF approximation and show that the WF approximation is exact to the first order of 1/D. In addition, we obtain the 1/D expansion of the average lifetime and recover the perturbation result by Weiss.
3,5 A more detailed discussion of the generalized WF approximation and its applicability criteria are addressed in paper II of this series. 22 In Appendix B, we discuss the relation between the experimental time scale and the apparent distribution of the measured quantity obtained by single-molecule experiments.
II. MARKOVIAN PROCESSES: TWO REGIMES OF LIFETIME DISTRIBUTION
Chemical reactions influenced by fluctuating environments can be described by the Smoluchowski equation coupled to a reactive sink
L characterizes the relaxation of the fluctuating environment, and K is the first-order reaction rate coefficient. Initially, the system is prepared in thermal equilibrium, i.e., P(0)ϭ P 0 ϭ P eq . The overall population depletion is monitored over time. Exact solutions to this equation can be obtained for only a few specific forms of the reaction rate. [3] [4] [5] [6] [7] [8] Let us now discuss the calculation of the lifetime distribution function. We take the trace of the Laplace transform P (z) and write the survival probability as
͑2͒
The brackets ͗¯͘ represent a spatial average over the equilibrium distribution. From Ŝ (z) the Laplace transform of the lifetime distribution is obtained: f (z)ϭ1ϪzŜ (z)ϭ͗(KϪL) ϫ(zϪLϩK) Ϫ1 ͘. The average lifetime, expressed as the first moment of the lifetime distribution function, is ͗t͘ ϭ͐ 0 ϱ t f (t)dtϭŜ (0). Figure 1 illustrates the configuration-controlled regime, the diffusion-controlled regime, and their corresponding limits. In the static limit, the population is depleted independently at every configuration without relaxation. In the dynamic limit, the population is depleted with a homogeneous rate while the fast relaxation maintains the population shape. Between the two limits, the kinetics can be described by the reaction dominated configuration-controlled regime and the relaxation dominated diffusion-controlled regime. Increasing the diffusion coefficient, the overall kinetics traverses from the configuration-controlled regime to the diffusioncontrolled regime. Although these two regimes are not clearly separated, the boundary falls roughly into the region where the reaction and relaxation time scales become comparable.
Let us now study the Markovian fluctuations of the reaction coordinate. The reaction rate is given in quadratic form, K(x)ϭx 2 ϩk 0 with x the reaction coordinate. The term k 0 , the nonzero decay rate at xϭ0, is necessary to remove the divergence of the static average lifetime. The fluctuation of the reaction coordinate is controlled by a onedimensional diffusive environment, LϭD‫ץ‬ x ‫ץ͓‬ x ϩ‫ץ‬ x (␤U)͔. Dϭ is the diffusion coefficient, ␤Uϭx 2 /(2) is the potential of mean force, and is the variance of the fluctuations. The relaxation is an Ornstein-Uhlenbeck process with the survival probability given by 5, 7, 8, 23 S͑t ͒ϭͱ 4s
͑3͒
sϭͱ1ϩ4/ represents the coupling of the time scales associated with environmental relaxation and reaction kinetics. Next we expand the square root in Eq. ͑3͒ and express the survival probability as a combination of eigenmodes. The average lifetime, i.e., the averaged sum of the eigenmode lifetimes, is
The lowest eigenvalue nϭ0 yields the long-time exponent.
We discuss now the different dynamic scenarios:
1. An illustration of the two kinetic regimes, the configurationcontrolled regime and diffusion-controlled regime, and their corresponding limits.
A. Static limit: Inhomogeneous average
The static limit case is displayed in Fig. 1 . Sluggish environments such as glasses, LӶK, have slow relaxation rates that depend only on the initial configuration. The survival probability is the inhomogeneous average of the survival probabilities associated with each transient configuration, S(t)ϭ͗exp͓ϪKt͔͘. In this limit, the lifetime distribution function is f (t)ϭ͗Ke ϪKt ͘, and the calculation of the average lifetime requires the inhomogeneous average of the time scale for each initial configuration, ͗t͘ϭ͗K Ϫ1 ͘. Larger experimental time windows probe the configurations that relax gradually and essentially sample the configuration-controlled regime. The effects of the experimental time window in the dynamic regimes experienced by the chain conformation are elaborated in Sec. IV. The static limit of the survival probability with a quadratic rate is obtained in the limit of →0 in Eqs. ͑3͒
The averaged lifetime is
For k 0 →0, the survival probability has a power-law decay S(t)ϭ1/ͱ1ϩ2t and a divergent average lifetime.
B. Configuration-controlled regime: Inhomogeneous cumulant expansion
The configuration-controlled regime displayed in Fig. 1 is now addressed. Environmental fluctuations in viscous solvents are greatly reduced, but not negligible. The effects of the survival probability are evaluated with an inhomogeneous first-order cumulant expansion 24 S͑t ͒ϭ͗͗e
͑7͒
͗¯͘ inhom stands for the inhomogeneous average over trajectories at a given initial configuration.
In the short time limit, expansion of the configuration-
͔͘ and corresponds to a summation over the inhomogeneous Gaussian line shapes in spectroscopy. 25 The average lifetime, a weighted average over the inhomogeneous reaction times, is ͗t͘Ϸ͓͗K(
The survival probability with a quadratic reaction rate is evaluated by a first-order cumulant expansion S͑t ͒ϭ 1 ͱ1ϩ2te Ϫ2t exp͕Ϫ͓k 0 ϩ͑1Ϫe
Ϫ2t ͔͒t͖.
͑8͒
The average lifetime ͗t͘ϭŜ (0), is displayed in Fig. 2 . The plot shows that the first-order inhomogeneous cumulant expansion is the lower bound for the exact calculation and reduces to the static limit in the limit of Dϭ→0.
C. Diffusion-controlled reaction regime: Wilemski-Fixman approximation
Let us now discuss the diffusion-controlled regime. Here, the relaxation time is shorter than the typical the reaction time. Expansion of (zϪLϩK)
Ϫ1 followed by the ensemble average renders the survival probability
͑9͒
͗¯͘ represents the ensemble average and Ĝ (z)ϭ1/(zϪL) is the Laplace transform of the Green's function G(t) for the environmental relaxation. We now derive a closure for Ŝ (z). First let us separate out the asymptotic limit of Ĝ (z) as Ĝ (z)ϭĜ Ј(z)ϩP eq /z with P eq /zϭlim z→0 Ĝ (z). The survival probability is approximated as
The average lifetime for the Markovian fluctuations of reaction coordinate studied in Sec. II, where ϭ1, k 0 ϭ0.1, and ϭ1. The diffusion coefficient D is equal to . The inhomogeneous cumulant expansion in configuration-controlled regime defines a lower bound for the survival probability and agrees well with the exact calculation as the reaction approaches the static limit. The WF approximation in the diffusion-controlled regime defines an upper bound and agrees with the exact calculation and the reaction approaches the dynamic limit.
kϭ͗K͘ is the homogeneous average of the reaction rate and
, the memory function measures the relaxational effect of the reactive system. The Laplace transform of the lifetime distribution function is obtained from Eq. ͑10͒
with the average lifetime
These results have been derived by Wilemski and Fixman using a different approach. 1, 2 Let us now make several observations.
͑1͒ ͗KGЈKGЈK͘Ϸk
3 2 (z) applies at small reaction rates and fast relaxation times, i.e., (0)kӶ1. This is consistent with the stochastic rate model discussed in Ref. 23 . The survival probability was derived there from a second cumulant expansion of the stochastic rate
The average lifetime, ͗t͘Ϸk͓1Ϫk (0)͔ Ϫ1 Ϸ1/kϩ (0), recovers Eq. ͑12͒. ͑2͒ In the homogeneous limit, (z)→0, Ŝ (z) from the WF theory is Ŝ (z)ϭ1/(zϩk). Hence the survival probability decays exponentially and corresponds to a homogeneous Lorentzian line shape observed in optical spectroscopy. In the inhomogeneous limit, we have shown earlier in Sec. II B that the survival probability is given by S(t) ϭ͗exp͓ϪK(x 0 )tϪD‫ץ‬ x 2 K(x 0 )t 2 ͔͘. This dependence corresponds to an inhomogeneous Gaussian line shape.
25
͑3͒ Evident from Eq. ͑10͒, the key approximation to the WF expression is ͗KGЈKGЈK͘Ϸk 3 2 (z). 1,2 For localized reactions, Kϭk(r 0 )␦(rϪr 0 ), the WF approximation and Eq. ͑10͒ are exact. This situation has been studied in the context of solvent-controlled electron transfer, where the nonadiabatic electron transfer occurs at the transition state. The diffusion-controlled electron transfer rate was first studied by Zusman and recently reexamined by Cao and Jung.
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͑4͒
For moderate values of the diffusion coefficient, the long-time decay is still dominated by the fundamental relaxation mode and has a single-exponential decay. For finite D, the depletion rate at long time is generally different from the homogeneous average rate k, and is different from the WF approximation. A detailed discussion of the long-time decay rate is given in Sec. IV.
͑5͒ The WF approximation in the diffusion-controlled regime provides an upper bound for the survival probability ͑see Ref. 9 by Portman and Wolynes͒. Quantitatively, the WF approximation is exact to the first order in 1/D for both Markovian and non-Markovian processes. A mathematical proof is given in Appendix A for an arbitrary reaction rate using the generalized WF approximation. The 1/D expansion of the average lifetime obtained is in agreement with Weiss's work. 3, 5 A more detailed discussion of the WF approximation and its validity regime are presented in paper II of this series. 22 The WF approximation for the quadratic reaction-rate process considered in Eq. ͑3͒ yields
The homogeneous average rate is kϭϩk 0 . As shown in Fig. 2 , the WF approximation approaches the exact average lifetime for large . Direct expansion of the exact average lifetime in Eq. ͑4͒ for large yields
͑15͒
Equation ͑14͒ reduces to the WF approximation of the average lifetime up to the first order in 1/. The negative sign in front of the 1/ 2 term supports the fact that the WF approximation always gives the upper bound to the survival probability. This is confirmed for a non-Markovian fluctuation of the reaction coordinate by a numerical calculation in Sec. III.
D. Dynamical limit: Homogeneous average
Let us now discuss the case where the relaxation time is much shorter than the reaction time. This kinetic scenario corresponds to a phenomenological Poisson process with a homogeneous reaction rate kϭ͗K͘. In this limit, the average lifetime is 1/k, and the survival probability reduces to exp (Ϫkt). The average lifetime approaches the dynamic limit from above as D increases, and the homogeneous average is a lower bound for the system. This limit illustrated in Fig. 2 is obtained naturally from the diffusion-controlled reaction regime discussed in the previous subsection. In the limit →ϱ for the Markovian process considered in Eq. ͑3͒, the survival probability reduces to S(t)ϭexp(Ϫkt), yielding the homogeneous decay.
III. NONMARKOVIAN PROCESSES: INTRAMOLECULAR FLUORESCENCE QUENCHING ON A SEMIFLEXIBLE GAUSSIAN CHAIN
Formation of a specific contact between two residues on a polypeptide chain is a fundamental process in protein folding. Fluorescence quenching has recently been employed to study the intramolecular contact in polymer chains by measuring the average lifetime of fluorescence. 18 -20 In the diffusion-controlled regime, the internal relaxation of the polymer chain is controlled by solvent viscosity, and it provides an effective way to decouple the relaxation process from the quenching process.
Without explicit considerations of the excluded volume effect and geometrical constraints, ideal polymers are flexible at all length scales and are described by Gaussian statistics. However, most single molecule experiments on bio-molecules are performed at length scales where the polymer exhibits some rigidity, and semiflexibility is key to understand the measurements of single polymer dynamics. In Ref. 21 , we extended the Gaussian chain model to include the chain stiffness and studied the Brownian dynamics of the semiflexible chain with a normal mode decomposition of the Langevin equation. The equilibrium properties of semiflexible chains were studied by Kratky and Porod, Harris and Hearst, Freed, Fixman and Kovac, Ha and Thirumalai, and many others. [30] [31] [32] [33] [34] [35] The non-Markovian features of the internal relaxation make it hard to solve the full kinetic equation analytically. Here we decompose non-Markovian fluctuations of the reaction coordinate into a sum of Markovian processes and investigate the coupled reaction and relaxation using path integral methods.
Eaton and co-workers measured the quenching rate for tryptophan-cysteine pairs using K(R)ϭq 0 exp͓Ϫ␥(RϪa 0 )͔ with ␥ϭa 0 Ϫ1 . The term a 0 is the contact radius, q 0 is the quenching rate at contact, and R is the reaction coordinate described by the fluorophore-quencher distance. K(R) falls off exponentially as a function of the reaction coordinate. For a tryptophan-cysteine pair, q 0 ϭ4.2 ns Ϫ1 and a 0 ϭ0.4 nm. 19, 36 For a Gaussian chain, with two amino acids, tryptophan and cysteine attached at the end points, the equilibrium distribution of the end-to-end distance is
with ͗R 2 ͘ the mean square fluorophore-quencher distance.
The normal mode representation of the end-to-end distance vector is
with c p ϭϪ͓(Ϫ1) p Ϫ1͔/2 cos(p/2N). The normal mode representation of the internal relaxation Smoluchowski operator L is
͑18͒
L determines the Green's function and equilibrium distribution of each normal coordinate. A detailed derivation is given in Ref. 21 . The equilibrium distribution and the Green's function of the normal coordinates are
and
respectively. So all the normal coordinates are Markovian with different relaxation times. On the other hand, the reaction coordinate is a combination of these normal coordinates and is generally non-Markovian. In this work, we carry out path integral simulations of the fluorescence quenching process on a semiflexible chain. 27, 37, 38 The total time is discretized into slices M ⌬ϭt. In our simulation, initial configurations of the normal coordinates are generated according to the equilibrium distribution in Eq. ͑19͒ and propagated within each time slice according to the Green's function in Eq. ͑20͒. For each time step, we determine the end-to-end distance vector with Eq. ͑17͒ and the quenching rate accordingly. Formally, the survival probability is
with X a short notation of the normal coordinates ͕x p ͖.
In experiments, the survival probability S(t) or quantum yield is monitored over a wide range of experimental time scales, and the average lifetime is obtained by integration of S(t) up to the experimental time
Equation ͑22͒ reduces to Ŝ (zϭ0) as t exp approaches infinity. The configuration-controlled regime and the diffusioncontrolled regime are explained in detail. We calculate survival probabilities and their corresponding average lifetimes for various solvent viscosities. The survival probability functions are shown in the master plot of Fig. 3 , and the average lifetime for the full range from the static limit to the dynamic limit is plotted in Fig. 4 . In both plots, a specific solvent at a viscosity of 10 cp and 293 K is taken as a reference state, a 0 ϭ0.4 nm is the natural length unit, and a 0 2 /6D 0 Ϸ25 ns is the corresponding time unit. In the reference state, the quenching rate at the contact is q 0 ϭ5.6. These numbers are used to match experimental values from Eaton's studies. 19 The average lifetime from Eq. ͑22͒ is evaluated in a time window of t exp ϭ40 and plotted in Fig. 4 . That the average lifetime falls below the static limit is a clear indication of the reaction slowdown in the absence of sufficient relaxation. This feature is more evident in Fig. 3 : The survival probability in the static limit is the upper bound for the survival probability with nonzero diffusion coefficients, and inhomogeneous effects are significant for short observation times. In the long-time limit, the kinetics is dominated by homogeneous decay.
In the configuration-controlled regime, an inhomogeneous cumulant expansion of Eq. ͑7͒ yields
͑23͒ (t)ϭ͗R(t)R(0)͘/͗R
2 ͘ is the distance-distance correlation function given in Ref. 21 . Figure 5 compares inhomogeneous cumulant expansion of the survival probability and the path integral calculation. The configuration-controlled reaction provides a better approximation at lower solvent diffusion coefficients. The exact survival probability is bounded from below by inhomogeneous averaging. At larger observation time, the exact survival probability yields a homogeneous decay, consistent with our observations in Fig. 3 . A more detailed discussion of the experimental time scale will be addressed in Sec. IV. In the diffusion-controlled regime, the memory function (t) is obtained directly from path integral simulations and the average lifetime is evaluated with Eq. ͑12͒. Figure 4 shows that the WF approximation, ͗t͘ϭ1/kϩ (0), is an upper bound for the average lifetime. The exact result is approached from above as the relaxation rate increases. For fast diffusion, ͗t͘ϭ1/kϩ (0) converges to the dynamic limit with the order of 1/D. The scaling of the average lifetime is demonstrated in the inset of Fig. 6 . The log-log plot of (0) precisely follows the 1/D scaling. In Fig. 6 , we use the memory function (t) from the simulation to calculate the survival probability with the WF approximation. The numerical implementation is as follows. First, we rewrite Eq. ͑10͒ as
Then, we invoke the inverse Laplace transform and obtain the iteration scheme Fig. 3 . The WF approximation holds for fast intrachain relaxation while the inhomogeneous cumulant expansion holds for slow intra-chain relaxation. The long-time kinetics is always described by the WF approximation for the diffusion-controlled regime.
FIG. 5.
Comparison of the survival probability functions calculated by path integral simulation and first-order inhomogeneous cumulant expansion. As the intra-chain relaxation becomes slow, and t→0, the inhomogeneous cumulant expansion better approximates the real survival probability. As the observation time increases, the overall kinetics is dominated by the homogeneous decay.
S͑t ͒ϭe
͔͒. ͑25͒ Figure 6 shows that the survival probability calculated using the WF approximation approaches the exact results at larger diffusion coefficients.
IV. EXPERIMENTAL TIME SCALE: A UNIFIED PERSPECTIVE
In the previous two sections, we explored the relation between the relaxation and the reaction time scales. In reality, finite experimental time windows play an important role in the kinetic interpretations. For example, in fluorescence quenching experiments we monitor the time range of population decay to obtain the average lifetime. In FRET experiments, an appropriate observation window is used to monitor the quantum yield and determine the donor-acceptor distance. 13, 14 The mechanism of population depletion from its dependence on D and t exp is illustrated in Fig. 7 . At small time windows, only transient configurations can be probed no matter how fast the relaxation is and the static limit is retrieved. At larger experimental times, transient configurations are no longer frozen, yet the relaxation perturbs slightly the transient configuration and the kinetics is typically in the configuration-controlled regime. The inhomogeneous cumulant expansion gives here the correction to the inhomogeneous limit. As illustrated in Fig. 7 , the effective range of the configuration-controlled regime depends inversely on the relaxation rate. In the slow relaxation region, static configurations dominate the kinetics for a wide range of time. In the fast relaxation region, the static configurations relax quickly into other configurations. This behavior is clearly demonstrated in our numerical calculation for fluorescence quenching processes. The survival probabilities from the inhomogeneous cumulant expansion agree well with the exact results for small D and at short times, but the expansion fails to describe the long-time decay. That is seen clearly in Fig. 5 . Now we expand Eq. ͑7͒ to the second inhomogeneous cumulant
͑26͒
For the expansion to be valid, the second cumulant has to be smaller than the first cumulant for every initial position. Such criteria cannot be satisfied in the long-time limit. Generally speaking, in the K→0 limit, the slow-reacting population is first diffused to the fast-reacting region and then depleted at longer times. Hence the long-time decay is always dominated by the diffusion process. At small fluctuations, we evaluate the survival probability using a full cumulant expansion instead of the inhomogeneous cumulant expansion. This scenario is similar to the Gaussian stochastic rate model discussed in Ref. 23 . The average lifetime is obtained from the second cumulant expansion, ͗t͘ϭk͓1
Ϫk (0)͔ Ϫ1 Ϸ1/kϩ (0), which reduces to the WF results for diffusion-controlled reactions. The second cumulant expansion over the equilibrium distribution in Eq. ͑26͒ generates the same result. The transition from the short-time to the long-time behavior was discussed by Pechukas and Ankerhold in the context of Agmon-Hopfield kinetics. 39 For an ergodic system, the average of lifetime over an extreme large experimental time generates the homogeneous limit. This has been demonstrated in the numerical calculation of fluorescence quenching processes. Figures 3, 5, and 6 show that the long-time kinetics is always homogeneous regardless of the magnitude of the diffusion coefficient, yielding a singleexponential decay.
In that case, the long-time decay of the population is determined by the lowest eigenvalue of the full kinetic equation in Eq. ͑1͒. 27 Let us now define LϭD‫ץ‬ x ‫ץ͓‬ x ϩ‫ץ‬ x (␤U)͔ and a corresponding Hermitian operator Hϭe ␤U/2 Le Ϫ␤U/2 . H transforms the original kinetic equation into a Schrödinger-type equation FIG. 6 . ͑a͒ The survival probability functions calculated and compared for path integral simulation and WF expansion. In the long time, the WF approximation always predicts a single-exponential decay, yet with a smaller decay rate than the actual survival probability obtained from the path integral simulation. The difference in rate decreases with the diffusion coefficient. ͑b͒ A log-log plot of the contact formation time (0) ‫ץ‬ t ͑ e ␤U͑x͒/2 P ͒ϭϪK͑ e ␤U͑x͒/2 P ͒ϩH͑ e ␤U͑x͒/2 P ͒. ͑27͒
The lowest eigenvalue of KϪH is k f and the lowest eigenstate is f (x). The long-time decay of the population is given by
The overall population is proportional to e
f (x) and decays in the long-time limit with a homogeneous rate. The dominance of the lowest eigenvalue requires a large gap between the lowest two eigenvalues t⌬kӷ1. This indicates a lower bound on the experimental time. For the Markovian case of the reaction coordinate defined in Sec. II, the eigenvalues are determined exactly as k n ϭ(sϪ1)/2ϩk 0 ϩ2ns. The gap between the lowest two eigenvalues is 2s and is a convolution of the reaction time scale and the diffusion time scale. In the long time when 2stӷ1, the population depletion is dominated by the lowest eigenvalue k f ϭ(sϪ1)/2ϩk 0 . As shown in Fig. 8 , the dominant eigenvalue from the WF approximation approaches k f from below as D increases. Both decay rates converge to kϭ͗K͘ in the fast diffusion limit. The lowest two eigenvalues are plotted in the inset of Fig. 8 , where the gap k 1 Ϫk 0 ϭ2s grows almost linearly with the diffusion coefficient at large D's.
V. CONCLUDING REMARKS
Reaction kinetics modulated by environmental fluctuations are bounded by two different regimes. In the configuration-controlled regime, the reaction process dominates, and the average lifetime becomes a weighted average over the inhomogeneous reaction time. The asymptotic limit of this regime is the static limit where the average lifetime ͗t͘ϭ͗K Ϫ1 ͘ is an inhomogeneous average over the equilibrium distribution. In the diffusion-controlled regime, the diffusion process dominates, and in the WF approximation, ͗t͘ϭ1/kϩ (0) is the sum of the reaction time and the diffusion time. In the dynamic limit for fast diffusion, ͗t͘ ϭ1/͗K͘ becomes the reciprocal of the homogeneous rate.
The exact survival probability is bounded from below by the first-order inhomogeneous cumulant expansion and from above by the WF approximation. For comparable reaction and relaxation times, in the long-time limit the convolution of reaction kinetics and the internal relaxation process eventually reaches a fixed distribution shape and the overall reaction is characterized by a single exponential. Variation of the experimental time of the fluorescence measurements allows people to explore various kinetic regimes from the inhomogeneous limit across the homogeneous limit. At small time windows, only static configurations are probed. At larger time windows, the relaxation process modifies the transient configurations to a configuration-controlled regime. Further increase in the measurement time probes the diffusion-controlled regime where long-time kinetics is dominated by relaxation. For ergodic systems, the long-time average yields the homogeneous limit.
In Appendix A, we generalize the WF approach to address the average lifetime. A perturbation expansion over 1/D of our equations reduces to the WF approximation to the first order of 1/D. In addition, we recover the 1/D expansion of the average lifetime derived by Weiss. 5 In Appendix B, we discuss the relation between the experimental time scale and the apparent distribution of the measured quantities such as lifetime distribution obtained in single-molecule experiments.
Fluorescence quenching and fluorescence resonance energy transfer ͑FRET͒, can probe the details of the motions of synthetic and biological polymers. Semiflexibility, hydrodynamic interactions, excluded volume effects, and experimental time scales greatly affect their equilibrium and nonequilibrium properties. In paper II of this series, 22 we address the contour-length dependence of the average lifetime due to semiflexibility. Theoretical studies of these effects improve our understanding of the important issues related to biological functions of DNA and proteins.
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APPENDIX A: GENERALIZED WF APPROXIMATION AND THE WEISS EXPANSION
A widely used approximation to calculate the average lifetime in the diffusion-controlled limit was first presented by Wilemski and Fixman. 1,2 As demonstrated in Secs. II and III, the WF approximation is only accurate to the first order in 1/D, hence is useful for large diffusion coefficients. In 1980, Szabo, Schulten and Schulten presented an integral expression for the first passage time. 3 Later, Weiss obtained a 1/D expansion of the average lifetime based on a systematic perturbation analysis. 5 Here we generalize the WF approximation based on a perturbative expansion scheme. In paper II of this series, we discuss the relation of this generalization with single-molecule measurements and the validity region of the WF approximation. 22 To proceed, we consider a generic scenario described by the diffusion equation, ‫ץ‬ t PϭLPϪKP, where K is the reaction rate and L is the relaxation operator proportional to the diffusion coefficient D. We write the operator L as DL 0 , where L 0 ϭ‫ץ‬ x ‫ץ͓‬ x ϩ‫ץ‬ x (␤U)͔ is the relaxation operator for unit diffusion coefficient. For simplicity, we only consider the one-dimensional case; the formalism is fully applicable to higher dimensions.
Next we employ the adjoint operator L ϩ definition which was used by Szabo, Schulten and Schulten in their solution to diffusion with Smoluchowski boundary conditions. 3 And we obtain the passage time for any given initial position x 0
The average lifetime is the spatial average of (x 0 ) over the equilibrium distribution
͑A2͒
P eq ϭN exp͓Ϫ␤U͔ and N is the normalization constant. L 0 is not a Hermitian operator. We define a corresponding Hermitian operator: Hϭexp͓␤U/2͔L 0 exp͓Ϫ␤U/2͔. 27 The adjoint operator is L ϩ ϭexp͓␤U/2͔DH exp͓Ϫ␤U/2͔. We define a functional space: Xϭ͕(x)͉͐ 2 (x)dxϭ1͖ with inner product ( f ,g)ϭ͐ f (x)g(x)dx. Apparently 0 (x)ϭͱN ϫexp͓Ϫ␤U/2͔X, and H 0 ϭ0. The average lifetime defined in Eq. ͑A2͒ is equivalent to ͗t͘ϭ( 0 ,(K
ϪDH)
Ϫ1 0 ) and the homogeneous average rate is k ϭ( 0 ,K 0 ). The survival probability in Laplace space is obtained as Ŝ (z)ϭ( 0 ,(zϩKϪDH) Ϫ1 0 ) in the same fashion.
We now derive the generalized WF approximation. Assuming ͕ 0 , 1 , 2 ,...͖ is an orthogonal basis of X, we can express the operators K and H as block matrices
͑A3͒
K 00 is the homogeneous average rate k. The survival probability is
where
The average lifetime is
͑A6͒
The first moment Ŷ 0 (0) is identical to k 2 (0) in the WF approximation. To show this, we write the Green's function in the Laplace domain as (zϪL 0 ) Ϫ1 ϭexp͓Ϫ␤U/2͔ (z  ϪH) Ϫ1 exp͓␤U/2͔. Using the block matrix representation in Eq. ͑A3͒, we evaluate (z) as
͑A8͒
A similar expansion was obtained by Weiss using a perturbative correction to the WF approximation.
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APPENDIX B: EXPERIMENTAL TIME SCALE AND SINGLE-MOLECULE MEASUREMENTS
In this appendix we discuss the effects of experimental time window on fluorescence lifetime measurements. We consider single-molecule quantities monitored over a fixed time window t exp . A general definition of the average value within this time window is given by Gopich and Szabo as where x(0)ϭx 0 is the initial condition. In principle, a͓x(t)͔ can be any experimentally measured quantity, for example, the FRET rate 17 or the quantum yield in FRET experiments.
14 A similar scenario is discussed for two-state dynamics of single biomolecules by Geva and Skinner. 41 Based on Hochstrasser's experiments, 17 the distribution of the measured quantity ā is related to the underlying equilibrium distribution P eq (x 0 ) as P͑ā ͉t exp ͒ ϭ ͵ P eq ͑ x 0 ͒dx 0 ͳ ␦ ͩ ā Ϫ 
͑B2͒
where the inner brackets ͗¯͘ inhom stand for the inhomogeneous average over trajectories with fixed initial configuration and the outer brackets ͗¯͘ denote the average over P eq (x 0 ). In the static limit, t exp →0, P(ā ͉0) ϭ͓ P eq (x 0 ‫ץ͉)‬ x 0 a(x 0 )͉ Ϫ1 ͔ x 0 ϭx 0 * with a(x 0 *)ϭā . For small t exp , the relaxation slightly perturbs the transient configuration, giving the configuration-controlled regime. (0)/t exp , the homogeneous decay rate ͗K͘ is observed in the dynamic limit, t exp ӷ (0). The above discussion agrees well with our picture illustrated in Fig. 7 , where the overall kinetics is described by the diffusion-controlled regime for large experimental time window. Furthermore, the intermediate region between the static limit and the diffusion-controlled regime is described well by the configuration-controlled regime. Thus the inhomogeneous cumulant expansion is a natural bridge to link static limit and the dynamic limit.
The FRET rate and the quantum yield depend on the donor-acceptor distance and are affected by internal relaxation dynamics. The quantum yield can be directly measured, yet the FRET rate has to be determined indirectly from lifetime measurements. The lifetime distribution is related to the FRET rate f ͑ t ͒Ϸ ͵ P͑k͉t exp ͒k e Ϫk t . ͑B5͒
The term f (t) in Eq. ͑C5͒ is an approximation valid for small experimental observation times. This condition limits the use of FRET rate as a measure of lifetime distribution.
